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The action of the primitive Steenrod-Milnor 
operations on the modular invariants 

Nguyen Sum 

We compute the action of the primitive Steenrod-Milnor operations on generators 
of algebras of invariants of subgroups of general linear group GL„ — GL(n, ¥ p ) in 
the polynomial algebra with p an odd prime number. 

55S10; 55P47, 55Q45, 55T15 



1 Introduction 

Let p be an odd prime number. Denote by GL n = GL(n, ¥ p ) the general linear group 
over the prime field ¥ p and T n the Sylow p-subgroup of GL n consisting of all upper 
triangular matrices with 1 on the main diagonal. For any integer d, I < d < p — 1 , we 
set 

SL d n = {lu G GL n ; (detu) d =1}. 

It is easy to see that SL d is a subgroup of GL n and SL p n ~ 1 = GL n . Each subgroup of 
GL n acts on P n = E(x\, . . . ,x n ) ® F p (yi, • • • ,y n ) in the usual manner. Here and in 
what follows, £(., ...,.) and F p (., ...,.) are the exterior and polynomial algebras over 
F p generated by the indicated variables. We grade P n by assigning dimx,- = 1 and 
dim;y,- = 2. 

Dickson [1] showed that the invariant algebra F^i , . . . , y n ) GL " is a polynomial algebra 
generated by the Dickson invariants Q ns , < s < n. Huynh Mui [6, 7] computed 
the invariant algebras PJ' and P n " for d = \,p — 1, (p — l)/2. He proved that P% 
is generated by V m , 1 < m < n, M miJli ... A , 0<si < . . . < Sk < m < n and that 
P S n" is generated by L d , Q ns , 1 < s < n, M%^ lt _ tSk , < s\ < . . . < Sk < n. Here 
Vm 5 ^;vi,...,.v t are Mui invariants and L d n , Q n s are Dickson invariants (see Section 2). 
Note that M^l u ..., Sk = M Vlv .. A . 

Let Aip) be the mod p Steenrod algebra and let 7>, be the Milnor elements of 
dimensions 2p s — 1, 2p' — 2 respectively in the dual algebra Aip)* of A(p). In [5], 
Milnor showed that as an algebra, 

A(p)*=E(T ,T h ...) ® F p (£i, &,...)• 
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Then A(p)* has a basis consisting of all monomials 

T s£ = T"si ■ ■ ■ T s k £\ ■ ■ ■ £,m , 

with 5 = Oi, ... , s k ), < s 1 < . . . < Sk,R = (n, . . . , r m ), n > 0. Let St 5 '* G A(p) 
denote the dual of ts£ r with respect to that basis. Then A(p) has a basis consisting of 
all operations St 5 '*. For 5 = 0,7? = (r), St is nothing but the Steenrod operation 
P . So, we call St S)R the Steenrod-Milnor operation of type (S,R). 

We have the Cartan formula 

St s '%v) = (-l) (dimi,+£(Sl))£(52) (5 : 5i,5 2 )St 5l ' Sl (")St S2 ' R2 (v), 

SiU5t=5 
R l +R 2 =R 

where Ri = (r u ), R 2 = (r 2i ), Ri+R 2 = (m + r 2i ), Si D S 2 = 0, u, v e P n , i(Sd is the 
length of Si and 

, c c c s ■ /^l • • • S ft 1 ... jA 

(5 : S U S 2 ) = sign 

V^n ■■■Slh s 2X ... s 2r J 

with Si = (in, . • • ,sih), sn < ... < sih, S 2 = Cs 2 i, • • ■ ,*2r),S2i < • • ■ < s 2r (seeMui 
[7]). 

We denote St H = St (l,) ' (0) , St A ' = St ' A ', where A,- = (0, . . . , 1, . . . ,0) with 1 at the 
i-th place. In [7], Huynh Mui proved that as a coalgebra, 

A(p) = A(St () , Stj, . . .) ® T(St A ' , St A > ,...). 

Here, A(St , Sti, . . .) (resp. T(St Al , St A2 , . . .)) denotes the exterior (resp. polyno- 
mial) Hopf algebra with divided powers generated by the primitive Steenrod-Milnor 
operations Sto, Sti, . . . (resp. St Al , St A2 , . . .). 

The Steenrod algebra A(p) acts on P n by means of the Cartan formula together with 
the relations 









Xk, 


5 = 0, R = 


(0), 


(1) 


St s '% = 


< 


p" 


S = (u), R 


= (0) 








o, 

V 


otherwise, 










' 

yk, 


5=0, R = 


(0), 


(ii) 


St ' yu — 


< 


fk\ 


5 = 0,/? = 










o, 


otherwise, 





for k = 1, 2, ... ,n (see Steenrod and Epstein [10] and Sum [13]). Since this action 
commutes with the action of GL n , it induces actions of A(p) on P^' and P n " . 
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The action of St 5 ' R on the modular invariants of subgroups of general linear group has 
been studied by many authors. This action for S = 0, R = (r) was explicitly determined 
by Hifng and Minh [2], Kechagias [3], Madsen and Milgram [4] and Sum [13]. Smith 
and Switzer [9], Wilkerson [14] and Neusel [8] have studied the action of St A ' on the 
Dickson invariants. 

The purpose of the paper is to compute the action of the primitive Steenrod-Milnor 
operations on generators of P^" and P s „" . 

The rest of the paper contains three sections. In Section 2, we recall some needed 
information on the invariant theory and compute the action of the primitive Steenrod- 
Milnor operations on the determinant invariants. In Section 3, we compute the action 
of the primitive Steenrod-Milnor operations on Dickson and Mui invariants. Finally, 
we give in Section 4 some formulae from which we can describe our results in terms of 
Dickson and Mui invariants. 

Acknowledgements The author is grateful to the referee for his valuable comments 
on the first manuscript of this paper. 

2 Preliminaries 

Definition 2.1 Let (e^+i, ■ ■ ■ ,e m ), < k < m < n, be a sequence of nonnegative 
integers. Following Dickson [1] and Mui [6], we define 

X\ ■ ■ ■ x m 
X\ • • • x m 

e k+l e k+1 . 

Jl ■■■ Jm 

n e ni t) e,n 

J\ ■■■ Jm 

The precise meaning of the right hand side is given in [6]. For k = 0, we write 
[0;ei, . . . ,e m ] = [e u . . .,e m ] = det(yf' ). 

In particular, we set 

L m ,s = [0, 1, . . . , s, . . . , m], < s < m < n, 
L t n — L m m — [0, 1, . . . , nt 1], 
Mm, Sl ,..., Sl = [k;0, .. .. ,h: ••• ,m- 1], 



[k;eic+i, ■ ■ ■ ,e m ] = — 
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for < s\ < . . . < s k < m < n. Each [k;e k+ \, . . . ,e m ] is an invariant of SL^ 
and [ei, . . . , e m ] is divisible by L m . Then, Dickson invariants Q„ )S and Mui invariants 
M^s\,...,s k an d V m are defined by 

Qn, s = Ln, s /L n , M^l^ J( = M„ )Si ,...,s k Ln~ l and V m = L m /L m _ 1 . 

Here, by convention, Lq = [0] = 1 . 

Now we prepare some data in order to prove our main results. 

Lemma 2.2 Suppose ei ^ ej for £ ^ j, u > 0. Then we have 

- l;u,e k+1 ,. . .,e n ], k > 0, 



St M [/c; ejc+i ) • • • i @n\ 



0, ik = 0. 



Proof Let / be a subset of {1, . . . , n} and let /' be its complement in {1 , 2, ...,«} . 
Writing / = {/i, i 2 , . . . , h} and /' = {i k+l ,i k+2 , i n } with i\ <i 2 < ... < i k and 
4+i < h+2 <...</„. We set 

[ek+l,e k +2, ■ ■ -,e„]i = [e k+ i,e k +2, ■ ■ ■ ,e n ](yi k+1 ,yi k+2 , ■ ■ ■ ,yi n ) 

V'l l 2 ■■■ In J 

where £„ is the symmetric group on n letters. Using the Laplace development, we have 
[k; e k+ \ , e k+2 , ■ ■ ■ , e n ] = ^ sign cT/.x/t^+i , . . . , 

From the relation ii, we see that St„[e,t + i , e k +2, ■ ■ ■ , e n ]i = 0. Then, using the Cartan 
formula, we get 

(1) St u [k; e k+i , e k+2 , . . . , e n ] = sign 07 St M (;t/)[e 4+ i, . . . , e„]/. 

In [7, 5.2], Mui showed that 

St M (jc/) = (-l)* -1 ^ - \;u\(x h ,x h ,. . . ,x ik ,y il ,y h ,.. . ,y ik ). 
Hence, using (1) and the Laplace development we obtain the lemma. □ 

Lemma 2.3 Suppose ei ^ ej for I ^ j, e k+ \ < ej for] > k + 1 . Then we have 

e^Ain i \[k;i,e k+ 2,...,e n ], e k+i =0, 

St , [k;e k+ i,. . .,e n ] = < 

0, e k+ i > 0. 
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Proof Suppose e k+ \ > 0. From the relations i and ii and the Cartan formula, we easily 
obtain 

St A 'x, = 0, St Ai ^ J = P e ^ i+pi - i = o, 

for i = 1 , 2, . . . , n and j = k + 1, k + 2, . . . , n. From this, we get 

S\. Ai [k;e k+ i, . . . ,e n ] = 0. 
If e k+ \ = then St ' = 0, for £ = 1 , 2, . . . , n and j = k + 2, . . . ,n, and 

St A <)f +1 =St A <> £ =^. 
Hence, using the Laplace development and the Cartan formula, we obtain 

St Ai [k;e k+ i,e k+ 2, ■■ ■ ,e n ] = [k;i,e k+2 , ■ ■ ■ ,e n ]. □ 

To make the paper self-contained, we give here a proof for the following theorem, which 
will be needed in the next section. 

Theorem 2.4 (Sum [12]) Let (e\, ■ ■ ■ , e n ) be a sequence of nonnegative integers 
and < k < n. We have 

+ n-l] 

(1-2 

(2) = Jj-l)" +i [ei,e2, . . . ,e n -i,e n +s]Q ! Z l , s + [ei,e 2 , . . . ,e„-i]Vf , 

s=0 

n-l 

(3) [k;e k+ u ■ ■ ■ ,e n -i,e n +n] = y^(-i)"+ ? ~ 1 [^ ; e k+ u- ■ -,e n -i,e„ + s]Q%" s . 

Proof We recall Mui's formula in [6], 

[k;e k +i, ■ ■ ■ ,e n ] = 

{ _ l} k(k-i)/2 (-l) Sl+ - +Sk M n>Sl ,..., Sk [ Sh . . .,s k ,e k+h . . .,e n ]/L n . 

0<s,<...<s k 

Hence, it suffices to prove the theorem for k = 0. 

The proof of the theorem proceeds by induction on n . It is easy to see that the theorem 
holds for n = 1 . Suppose n > 2 and the theorem holds for n — 1 . 
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Using the Laplace development and the inductive hypothesis, we have 



[ei, . . .,e n -i,e n +n— 1] 

= ^(-l)" +r [ei, . . . ,e t , . . . ,e n -i,e n + n- X\£' + [e l} . . .,e n -i]f n 



e n +"—l 



t=\ 



+ [<?!,.. . ,e„-iK 



n— 2 «-l 



Y^i-lT+s^i-lT+'ieu. ..ret,-. ./»-i,«,,+^ f, )Ci, s 



i=0 f=l 



n-2 

n e " 



, r 1 p f "+"" 1 

+ [ei, . . . ,e n -i\y n 



s=0 

+ [e 1 ,..,e„_ 1 ]g(-l)"+- 1 C 1 X" +S - 



s=0 



Since V„ = ££j(-l) B+,-1 G,,-i,,;yjf > tne relation (2) holds for n. 

Now we prove the relation (3) for n. By a direct calculation using (2) and the relation 

Qn,s = + Qn-i, s Vf l , we get 

[ei,e2, • • • ,e re -i,e„ + n] 
n-l 

s=l 
n-l 



Y^(-l) n+s - 1 [eu...,e n -i,e n + s]QP e ; 



s=l 



[e x ,...,e n - Xj e n + n-\]V^- X) P" 



n-2 
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Combining this equality and the relation (2) we obtain 

[e\,e%, . . . ,e„-\,e n +n] = ^(-l)" +s " 1 |>i, . . . ,e n -i,e„ + s]Q p ^ s 

s=l 

-(-l)"[ei,...,e„_i,e n ]Ci,o^" 1)pen - 
Since <2n,o = Q n -i,oVn~, the relation (3) holds for n. 

This completes the proof of Theorem 2.4. □ 



3 Main results 

Observe that using the Cartan formula and the relations i and ii, we obtain St„x = 
for either x = Q n ^ s or x = V n . So, in this section we only compute St A ' x for 
x = Qn, s , VnMHuL* and St„M^ lv .. A . 

Theorem 3.1 For any integers i, n, s with < s < n and i > 1, we have 
St A ' Q n , s = (-mo, 1, ... ,3, ... ,n - l,i]lC 2 . 

Proof Since L n>s = L n Q„ tS , using the Cartan formula, we get 
(4) St A ' L„,, = L n St A ' Q nyS + Q, hS St A ' L n . 

According to Lemma 2.3, we have 



St ' Ln s 



[i, 1,2, ...,s, ...,n], s>0, 
0, s = 0. 



In particular, St A L n = [i, 1, 2, . . . ,n — 1]. 

If s = then St A ' L n>s = and 

St A 'L„ = [i, 1,2,..., n-l] 

= (-l)"- 1 [l,2,...,n-l,i]. 

Combining (4) and the above equalities, we get 

St Ai e„,o = -(St Ai L n )e„ )0 /L fJ 

= (-l) n [l,2,...,n-l,i]Q nt0 /L n . 

Since Q n o = L p n ~~ l , the theorem holds. 
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If s > then St A L„ = [i, 1,2, . . . ,n - 1] and St A ' L n>s = [i, 1,2, . . . , s, . 
Hence, using Theorem 2.4, we get 



n-l 



St A 'L, vv = 1,2, .. . ,S, ... ,n - M]<2„„ 



f=0 

= (-l) n - 1 [j,l,2,...,j,...,n-l,0]!2„ j o 

+ (-l)»- 1 + s [/,l,2,...,S,...,n-l, J ]e„ )S 
= [i, 1,2, ...,n- l]Q n , s - [i,0, 1, . . . ,s, . . . ,n - l]g„,o- 

Combining (4), the above equalities and the relation Q n $ = L p n ~ y , we get 

St A Q n , s = (St A L, hS - Q„ tS St A L n )/L n 

= -[i,0, 1,2, . . . ,s, . . . ,n - l\Qnfl/L n 
= (-l)"[0,l,2,...,S,...,«-l,/]L^- 2 . 



□ 



The following was proved in Smith and Switzer [9] by another method. 

Corollary 3.2 (Smith-Switzer [9]) For any integers i, n, s with < s < n and 
1 < i <n, we have 



St A ' Q n , = { 



i-iy-'Qnfi, i = S>0, 
(-l) n Qn,0Qn, S , i = n, 

0, otherwise. 



Proof Suppose i = s. According to Theorem 3.1, we have 

St As Q n , s = (-mO, 1, • • . ,s, ■ ■ ■ ,n - l,s]LP~ 2 

= (-ir l [o,i,...,n- m~ 2 
= (-ir i Lr i = (-ir i e„, . 

If i < n and i ^ s then [0, 1, . . . , S, . . . ,n — 1, i\ = 0. Hence, St A Q ns = 0. 

If i = n then St A " Q n>s = (-1)"[0, 1 , . . . , s, . . . , n - 1 , n\L p - 2 

= (-\) n L n ,LP- 2 
= (-lTL?-iQ n , 

= (-V n QnfiQn,s. 

The corollary follows. 



□ 
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Now, we show that our formula in Theorem 3.1 implies Wilkerson's formula in [14]. To 
do this, we need the following. 

Proposition 3.3 (Sum [12]) Let (e^+i, ■■ ■ ,e n ) be a sequence of nonnegative 
integers with < k < n and / ej for i^j. Then 



P r [k;e k+ i,e k+ 2, ...,e n ]= < 



[k;eic + i + £* + i,gjt+2 + £k+2, ■ ■ ■ ,e n + e n ], 

ifr = Y,]= k +i £ jP ej withej€ {0,1}, 
0, otherwise. 



This proposition can easily be proved by using the Laplace development, the Cartan 
formula and the relations i and ii. 

From the formula in Theorem 3.1, one gets Wilkerson's formula as follows. 

Theorem 3.4 (Wilkerson [14]) For any integers < s < n < i, we have 

St A ' +1 Q n , s = P p ' St A ' Q niS . 

Proof Applying Theorem 3.1, the Cartan formula and Proposition 3.3, we get 
P pi St A ' Q n>s = (-l)"P p '{[0, 1, . . . , s, . . . , n - 1, i]LP- 2 ) 

= (-1)" 5> r ([0, 1,. .. ,s, ■ ■■ ,n- l,iW p, ~'XLT- 2 ) } 

r 

where the sum runs over all 

r = e p° + eip 1 + ... + e.v_i/ _1 + e s+ ip s+1 + ... + e n -ip n ~ l + erf 
with £j G {0, 1} for any j and r < p' . 
If £i = then r < p° + p l + . . . + p' 1 ^ 1 and 

2{p l -r)>2(p i -(p°+p l + ...+ p"- 1 )) 

= 2(p i -p n + l+(p- 2)(p° +p 1 + ... +p n - 1 )) 
>2{p- 2)(p° +p l + ...+ p n ~ l ) = dimLP" 2 - 

This implies P p '~ r {L p ~ 2 ) = 0. 

Since r < p x , if e ; - = 1 then ej = for j / / and r = p' . Hence, using the above 
equalities and Proposition 3.3, we obtain 

P p> St A < Q n>s = (-l) n P p \[0, 1, . . . , 3, . . . ,n - l,i])L p ~ 2 

= (-ir[o,i,...,s,...,«-i,/+i]Lr 2 

= St A +' Q n>s . □ 
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Next, we compute the action of St A on Mui invariants. 

Theorem 3.5 For any positive integers i, n, we have 

St A V n = (-l) n_1 [0 ; 1,.. .,n- 2,i]L p n Z 2 v 

Proof Since L n = L n -\V n , applying the Cartan formula, we get 

(5) St A L n = L n _ i St A V„ + V n St A L„_ j . 

Using Lemma 2.3 and Theorem 2.4, we have 

St A L„_i = [z, 1,2, ... ,n - 2], 
St A Ln = [z, 1, 2, . . . ,n - 2,n - 1] 

n-2 

= ^(-l) n+s [U,2, . . . ,n - 2, s]Q n - l>s + [i, 1,2, . . . ,n - 2]V n 

= (-l)"[U,2,...,n-2,0]e n -i j0 +[U,2,...,n-2]y„. 

Combining (5), the above equalities and the relation Q n -\fl = , we get 

St A ' V„ = (St A ' L„ - V„ St A Ln-O/Ln-l 

= (-l)"[j,l,2,...,n-2,0]e„_ lj0 /L»_ 1 

= (-ir- 1 [0,l,2,...,n-2,/]L^. □ 

Corollary 3.6 For any integers < i < n, we have 

0, i < 7i — 1, 

St A V„ = | (-ly^Qn-lflVn, i = 71 - 1, 

i (-i)"- l a ! _ 1 , (^ li „_ 2 v n + v?), i = 7i. 



Proof If z < n - 1 then [0, 1, ...,n- 2, i] = 0. Hence, St A V„ = 0. 

For i = 7i — 1, we have [0, 1,2, ... ,n — 2, n — 1] = L„ = L n -\V n . Hence, from 
Theorem 3.5, we get 

St A <-> V n = {-\) n - { L p -_\v n = {-V> n - l Q n -x,oV n . 

Let i = n. A direct computation shows 

[0, 1, 2,ti] = L nj „_i = L„2 ni „_i 

= L n ^V n {QP, 2 + VP- 1 ). 
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From the above equalities, Theorem 3.5 and the relation j = Q n -i,o, we obtain 

St A " V n = (-l) n - l Qn-l,0(Q P n-l,n-2 V n + K)- 

The corollary follows. □ 
Theorem 3.7 Set s Q = 0. Then St A ' M$ u ..., Si equals 

r (-l) s '-^l...,s,,..,,' Sl >0,i = s t ,l<t<k, 

{-\f-\d - l)Mn, Sl ,...,s k [l,2, 1, i]Lt~ 2 , i >n, Sl = 0, 

(_!)»-! 1, . . . ,S b . . . ,s k , ■ ■ ■ ,n - hOLt 1 

+(d-l)M ntSu ... tSk [\,2,...,n-l,i]L d n - 2 ), i>n,si > 0, 

0, otherwise. 



Proof Applying Lemma 2.2, we have 
St A M ;i 



vi « 



[fc; j, 1,..., h, ■ ■■ ,h, ■■■ ,n- 1], > 0, 
0, si = 0. 



If i = s t then [A:; i, 1, . . . , s u . . . ,s k , . . . ,n - 1] = (-l) s < 'M„ iSo ,... iS , r .. )Sl . 
If i > n then 

[k;i, 1, . . . ,si, . . . ,s k , . . . ,n - 1] = (-l)" - ^" 1 ^; 1, . . . ,Si, . . . ,s k , . . . ,n - 1, i]. 
Thus the theorem is proved for d = 1 . 

For d > 1 , using Lemma 2.2 and the Cartan formula, we have 

St Ai L d ~ l =(d- l)Lf- 2 St A ' L„, 
St A L„ = (-l)"- 1 [l,2,...,/i- l.i], 
St Ai Mg lr .. A = St^CMn^.^X" 1 + (<*- l)M n , s „... A Lf- 2 St A ' L„. 

Combining the above equalities we obtain the theorem. □ 



Theorem 3.8 For \<d<p — \,we have 

St„M^ lv .. A = | (-l)"- 1 ^ -l;0,...,si,--.,h,--.,n- l,u]L d ~\ u > n, 

0, otherwise. 
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Proof Since M„ tSlr _, }Sk = [k; 0, . . . , s\, . . . , Sk, ■ ■ ■ , n — 1] , applying Lemma 2.2, we 
get 

St u M n ,s u ...^ = - l;u,0, . . . ,s\, . . . ,s k , . . . ,n - 1]. 

If < u < n - 1 then 

r , n n J(-l)' v '^ +1 M„,,,,...,.v„...,,,, B = J r , 

[k- l;u,0, . . . , J!,.. . .. . ,n- 1] = < 

[0, otherwise. 

If m > n — 1 then we have 

[£- 1;k,0, . . . . .,s k , ■ 1] 

= (-l)"- k [k-l;0,...,s h ...,h,---,n-l,u]. 

The theorem is proved for d = 1 . 

Since St„L„ = 0, using the Cartan formula, we get 

St«(^? ll ... A ) = St i< (M„ iJl) ... A )Lf 
The theorem now follows from the above equalities. □ 

By the analogous argument as given in the proof of Theorem 3.4, we can show that the 
Wilkerson formula also holds for Mui invariants. 

Theorem 3.9 For any integers i,u > n, we have 

St A V„ =P p '~ [ St Ai - i V n , 

St Ai+1 MW ) ... A = P^St A 'Mg lj ... A , 
St u+1 MM |r .. A =KSt H M» r .. A . 

Remark 3.10 Using Theorem 2.4 and the above results, we can compute the action of 
the primitive Steenrod-Milnor operations on the modular invariants in terms of Dickson 
and Mui invariants for i,u > n. For example, by a direct calculation, we easily obtain 

St A " +1 Q n , s = (-lfQn,0(€,n-lQn, S ~ 

St "+ 2 Q n ,s = (—1) Qnf){(^ n ^\Qn,s ~ (f nn _iQn,s + G^_2 ~~ 2^,.v- 1 1)- 

Here, by convention, Q„ )t = for t < 0. 

St A "+< V n = (-lT- l Q n - lt o{(Q^X-2 ~ ^n-Ln-^Wn + Og-^iVS + Vf), 

st A "M^ l5 ... A = (-i)"- 1 (E(-iy< ,... >S() ... )% G^+^a i ...^e„, ) 5 

t=i 
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where sq = and s\ > 0. If s\ = then 

Furthermore, the computation of the action of the primitive Steenrod-Milnor opera- 
tions on the modular invariants in terms of Dickson and Mui invariants by the use of 
our results in this section is more convenient than that by using Wilkerson's formula. 
For example, to compute St A "+ 2 Q n s by using Wilkerson's formula, we need to com- 
pute (QnfiiQ'n n -\Qn,s ~ i n terms of Dickson invariants. But computing 
^(Qnfi^n-iQn,* ~ G^i)) is more difficult than that of [0, 1, . . . ,s, ■ ■ ■ ,« - 
l,n + 2]. 



4 On the description of the determinant invariants in terms 
of Dickson and Mui invariants 

In this section, we study the problem of description of the determinant invariants 
in terms of Dickson and Mui invariants. The explicit formulae for the determinant 
invariants in terms of Dickson and Mui invariants are useful tools for computing the 
action of the cohomology operations on the modular invariants. 

In general, it is difficult to give explicit formulae for this problem. In particular, for 
n = 2, 3, we can explicitly compute [u, v], [u, v, w] in terms of Mui invariants and 
[u, v], [u, v, v+ 1] in terms of Dickson invariants, where u, v, w are nonnegative integers. 

Note that the problem of description of [u, v, w] in terms of Dickson invariants is 
complicated. It is still open. 

Proposition 4.1 For < u < v < w, we have 

(6) [u,v] = Y^vf- pS+l+p "v p 2 \ 

s=u 

V— 1 w— 1 

(7) [«, v, w] = J}b, s + l][v, w]L- pS+1 V'i + Y^M, v ^ s + l,w]i 2 y+ ' V 3- 

s=u s=v 

Proof The relation (6) is proved by induction on v. We prove (7) by induction on v, w. 
Applying Theorem 2.4, we can easily prove the following by induction on v 

v-l 

(8) [«, v, v + 1] = Y)»> s + !] L 2 ^ V C 

s=u 
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Since L p 2 = [v, v + 1] , the relation (7) holds for w = v + 1 . 

Let w = v + 2. By a direct computation using Theorem 2.4 and (8), we have 

[u,v,v + 2] = [w,v,v + l]g£i + [«,V]Vf 

v-1 

= l]Lf- pI+ Vf S ^ + [n,v]vf . 

We observe that (L 2 Q 2 ,i) // = [v, v + 2] , Zif + ' = [v + 1 , v + 2] . Hence, the relation (7) 
holds for w = v + 2. Suppose that (7) holds for w and w + 1 . It is easy to see that 

[w+i,w]^; = -Lf +1 . 

Hence, using Theorem 2.4 and the inductive hypothesis, we get 

[u, v, w + 2] = [u, v,w+ l]<2g j - [m, v, w]<22 + [u, v]Vf 

v-1 

= ( ^[w, 5 + l][v, w + l]L- p ' +1 vf 

w 

+ v][j + 1, w + l]L~ pS+l V pS ) q£ 

.«=v 

v-1 

- (^[ M ,s+l][v,w]L- pI+ Vf'' 

.V=H 
Vf— 1 

+ J}b, v][j + 1, w]L- pS+> vf ) Qfo + [ Bj v]vf 

i=v 

v-1 

= ]T[ M ,s + i]([ V , w + i]fi£i - [v.wjfiQz^vf 

+ j} B , V ]([j + 1, w + uefi - [j + 1, w]<2^'o)^2 //+1 vf ■ 

This equality and Theorem 2.4 imply the relation (7) for w+2 , completing the proof. □ 
Now, we compute [u, v] in terms of L 2 and <22,i ■ 

Let a/(a) denote the i-th coefficient in p-adic expansion of a nonnegative integer a. 
That means 

a = ao(a)p° + ot\{a)p l + a 2 (a)p 2 + . . . , 
for < a,(a) < p,i> 0. We set a^a) = for i < 0. 
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Denote by I(u, v) the set of all integers a satisfying 

ai(a) + a, + i(a) < 1, for any i, 

ai(a) = 0, for either i < u or i > v — 2. 

The following was proved in Sum [11] for p = 2. 
Proposition 4.2 Under the above notation, we have 



[ U ,v]= £ (-m^- 1)a Q 2 i 

Proof The proof is by induction on v. Obviously, I(u, u + 1) = I(u, u + 2) = {0} and 
[m, m + 1] = , [k, m + 2] = ^2 i • Hence, the proposition follows with v = w + 1 
and v = u + 2. From the definition of the set I(u, v), we obtain 

(9) I(u, v + 2) = 7(w, v + 1) U (p v ~ l + /O, v)), 

where p v ~ l + I(u,v) = {p v ~ l + a ; a e I(u,v)}. 

Combining Theorem 2.4, the inductive hypothesis and the relation 02,0 = , we get 
[u, v + 2] = [u,v + l]£g j - [«, v]2^ 



o6/(h,v+1) 
a£/(u,v) 



^=^-(/>+l)tf 



= (-m( +p<J, - l)a Q 2 j 

ae/(«,v+l) 

+ Y ( _ 1 y>- l +« L P"+/>(p-l)(//- l +^^^ 
adl(u,v) 

From this equality and (9), we see that the proposition is true for v + 2, so the proof is 
completed. □ 

Now, we compute [u, v, v + 1] in terms of L3 , 03,1, 23,2 • 

Denote by J(u, v) the set of all integers a satisfying 

OLi{a) < 1 and a,(a) + a I+ i(a) + a,-+2(a) < 2, for any i, 

ai{a) = 0, for either i < u or i > v — 2. 



Qeometry & Topology Monographs 11 (2007) 



364 



Nguyen Sum 



It is easy to see that for any a G J(u, v), there exists uniquely an expansion 

a = a Q + p !l + p i[+l +a i + ...+p ik + p ik+l + a k , 

with j'o = m — 3 < i\ < ■ ■ ■ < ik < 4+1 = v — 1, — ij > 3 and ay G /(i) + 3, 
for <j < it. 

We define the functions b u>v , c U:V : v) — > Z by setting 

p - 1 

c„, v (a) = ao + a\ + . . . + a k . 

Proposition 4.3 Under the above notation, we have 

[u, v, v + 1] = (-V a L^- l)a Q\f a) Qlf a \ 

£iG7(n,v) 

The proof of the proposition is based on some lemmas. 

Lemma 4.4 For < u < v, 

J(u, v + 3) = J(u, v + 2) U (p v + J(u, v + 1)) U (p v + p v_1 + J(u, v)). 

//ere, for x G Z a/ic? A C Z, we write x + A = {x + a ; a G A} . 

&«,v+3(a) = /> v+1 + b u ,v+2(a), 

c u ,v+3(a) = c M)V+2 (a), for a G /(m, v + 2), 

K,v+3(p v + a)= b UA , + i(a), 

c u ,v+3(p v + a) = /> v + c„ )V+ i(a), for a G /(w, v + 1), 

b u ,v+3(p v + /> v_1 + a) = b UjV (a), 

c u ,v+3(p v + P v ~ l +a)= c u>v (a), for a G J(u, v). 

This lemma can easily be proved by computing directly from the definitions of J(u, v), 
b UtV and c„ )V . 

Lemma 4.5 For any < u < v, we have 

[u, v + 3, v + 4] = [ii, v + 2, v + 3]£{^ 

- [«, v + 1, v + 2]<2j +1 <2( 2 + [«, v, v + l]<2(d 1+pV . 
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Proof A direct calculation using Theorem 2.4 gives 

[w,v + 3,v + 4] = [w,v + 2,v + 3]<2fo 2 + [w,v + 3]Vf +2 

= [u, v + 2, v + skgc 1 - ecr*t~ iK+i ) 

+ ([w, v + 2]G0' - [«» v + ue^'o Vf +2 

(since j23,i = «2 / 2, + 22,1 Vf -1 ) 
= [ M ,v + 2,v + 3]«2?7 

-([ M) v+l,v + 2]^o 1 + [u,v + 2]v( +l )Q p ^V. 

n v+l n v+2 n v + 1 n v + 2 

+ [ M ,V + 2]<2 / 2 jl Vj -[B.V+llfi^o Vf 

= [u,v + 2,v + 3]Q%^ 

- [u, v+ l,v + 2]<V 3 ^ 1 ^ +1 (< 1 + Vt" 1 ^) 
+ ([«, v + 1, v + 2] - [«, v + l]vf )Q%1 1 V 3 



-" V+1 T/(P-1)(P'' +1 +P V ) 



Using Theorem 2.4 and the relations ^3,2 = 2^ j + Vf 1 , £23,o = 22,0^3 1 , we obtain 
the lemma. □ 

Proof of Proposition 4.3 The proof is by induction on v. For v = m+1,m + 2, u + 3 
the proposition is obvious. Suppose that it is true for v, v + 1 , v + 2. Using Lemma 4.5, 
the inductive hypothesis and the relation 23 = Zip 1 , we get 

[u, v + 3, v + 4] = Yl (-irLf" +p(p - 1)fl ^ 1+,, -' +2(fl) G^ +2(a) 

fl67(«,v+2) 

_j_ ^_iy r +ajf"+Pip-i)(P v +a)Qt'u,v+l(a)^) r +c UiV+ i(a) 

_l_ ^2 (—If' '+P''~' + a if '+P(P- 1 W+P V ~ 1 l +a) Qb„,v(a) gC„, v (a) 
aG/(w,v) 

Combining this equality and Lemma 4.4, we see that the proposition holds for v + 3. 
Hence, the proposition is proved. □ 
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